In this paper we extend the linear transfer function analysis to the two-dimensional shallow water equations in A linear analysis of the shallow water equations in spherical coordinates for the Turkel-Zwas (T-Z) explicit large time-step scheme spherical coordinates for the Turkel-Zwas discretization. is presented. This paper complements the results of Schoenstadt, Actually, we show how to obtain the modal expansion for Neta and Navon, and others in 1-D, and of Neta and DeVito in 2-D, the shallow water equations in spherical coordinates and but applied to the spherical coordinate case of the T-Z scheme.
INTRODUCTION
which restrict the time step contain only a small fraction of the total available energy and therefore can be calcuThe transfer function was first introduced in electrical lated with a lower accuracy on a coarse grid. The Rossby engineering by Stremler [7] . It is different from Fourier waves which contain most of the energy are calculated on analysis since it gives information about amplitude distorthe finer mesh. When the ratio of the coarse and fine grids tion and not just phase. Schoenstadt [2] has applied the idea is an integer p Ͼ 1, one can use time steps nearly p times to comparison of various schemes for the one-dimensional larger than those allowed by the usual explicit scheme. shallow water system. Neta and Navon [3] extended the The CFL condition for the Turkel-Zwas scheme on a results to include the Turkel-Zwas [1] explicit large timerectangular domain can be found in Turkel and Zwas [1] step scheme on a limited-area domain for the shallow water and Song and Tang [13] . For spherical coordinated, the equations. Steppeler [8, 9] analyzed some hybrid methods.
CFL condition is given in Navon and deVilliers [5] : Neta and DeVito [4] extended Schoenstadt's results to the two-dimensional case. Neta [10] has extended the transfer function analysis to the two-dimensional Turkel-Zwas ex⌬t Յ a cos ͙gH p⌬ sin pk⌬ . plicit large time-step finite difference scheme in a Cartesian coordinate system. Song and Tang [13] have used the Laplace transform instead of the Fourier transform to analyze The importance of this explicit scheme is also in parallelizathe unstaggered as well as the staggered Turkel-Zwas tion. It is always easier to use an explicit scheme on parallel scheme.
computers and certainly these modifications and the analysis will encourage the development of a parallel Turkel-linearization of the shallow water equations on the sphere. The two-dimensional linearized shallow water equations (LSW) with no mean flow in spherical coordinates are Then (Subsection 2.2) we describe the modal expansion for the linearized system as obtained by Longuet-Higgins [12] . In Section 3 we present the modal expansion for the Ѩu Ѩt Ϫ fv ϩ g a cos Ѩh Ѩ ϭ 0 (5) linearized shallow water equations in spherical coordinates discretized using the Turkel-Zwas finite difference scheme. We start this section by describing the TurkelѨv Ѩt ϩ fu ϩ g a Ѩh Ѩ ϭ 0 (6) Zwas scheme (Subsection 3.1). The modal expansion is given in Subsection 3.2. As a result of this analysis, we
conclude that certain staggering is necessary. A modified staggered method, different from those suggested by Song and Tang [13] , is given in Section 4. Again this section where H is the mean height of the surface and h is the is subdivided into two subsections. The first subsection perturbation. In the next subsection we describe the modal describes the staggered discretization and the second gives expansion given by Longuet-Higgins [12] . the modal expansion. In Section 5 we compare the modal expansion for the discrete and continuous cases. In Section 2.2. Modal Expansion to the LSW (Longuet-Higgins) 6 we present the numerical results of this study showing For the case of interest here, f is not constant. We follow the benefits gained by staggering the Turkel-Zwas scheme the discussion in Longuet-Higgins [12] on Laplace's tidal for the shallow water equations, and in Section 7 we give equations, which are (5)- (7). We should remark here that the concluding remarks.
the variable in Longuet-Higgins [12] is ȏ/2 Ϫ . We seek periodic solutions to (5)-(7) which are proportional to
SHALLOW WATER EQUATIONS e i(mϪct)
, where m is a nonnegative integer and c a constant nonzero frequency. Substituting such an exponential in 2.1. Linearization (5)- (7), we get im instead of Ѩ/Ѩ, and Ϫic instead of Ѩ/Ѩt. The shallow water equations in spherical coordinates Longuet-Higgins [12] introduced functions analogous to are given by the velocity potential (⌽) and stream function (⌿), such that
Then ٌ 2 ⌽, ٌ 2 ⌿ are the divergence and vorticity, where
h ϭ 0 (11) Here, f is the Coriolis parameter given by
where ⍀ is the angular speed of the rotation of the earth, Equation (7) can also be written h is the height of the homogeneous atmosphere, u and v are the zonal and meridional wind components, respectively,
and are the latitudinal and longitudinal directions, respectively, a is the radius of the earth, and g is the gravitational constant.
We substitute for u and v from (8) and (9) to get
In the next section, we follow a similar derivation for the
semidiscretization given by the Turkel-Zwas scheme. We will show how Eqs. (18)- (20) and (23) will be affected by the discretization and prove that staggering is necessary.
h (14) It should be noted that the idea can be applied to any numerical (semidiscrete) scheme.
Given a constant Ͱ, 0 Ͻ Ͱ Յ 1, the Turkel-Zwas scheme for the nonlinear shallow water equations in spherical coorWe seek solutions to these equations (13)- (15) propor-dinates takes the form tional to e i (mϪct) , where m is a nonnegative integer and c denotes the radian frequency. For convenience we use the u
Then Eqs. (13)- (15) become (18) and (20) we get
Note that there is a typographical error in Eq. 
Modal Expansion for the Discretized System where
We follow the method of Longuet-Higgins to formulate the discrete eigenvalue problem. Now, define two functions
analogous to the velocity potential and stream function such that at each point We note that the , components of the pressure gradient and divergence terms are differenced over points p ⌬, u kj ϭ 1 cos j ͳ p ⌽ kj ϩ ͳ q ⌿ kj (32) q ⌬ (respectively) away rather than nearest neighbors. In this way, the terms associated with the gravity waves (which carry little energy) can be approximated less accurately
and thus a larger time step can be allowed. For Ͱ ϭ 0, Turkel and Zwas showed that there is a deterioration of accuracy for p larger than one. For Ͱ ϭ the geostrophic which are the discrete analog of (8) and (9), where balance and the incompressibility condition are satisfied to a higher order in the Cartesian coordinate case (see
Turkel and Zwas [1], Navon and de Villiers [5] and Navon and Yu [6] ). For the spherical coordinates case, again Turkel and Zwas show that the choice Ͱ ϭ was necessary to
preserve accuracy when p or q is greater than one.
The Turkel-Zwas scheme for the approximation of (5)- (7) can be written as It can be shown that ٌ 2 ⌽ and ٌ 2 ⌿ satisfy the discrete analog of (10); i.e., Ѩu Ѩt
and similarly for ⌿. Now combine the right hand sides of Eqs. (29) and (30) Ѩv Ѩt
in the following way:
2 ), which agrees with (11), 
Substituting u kj , v kj from (32) and (33) into (37) and (38) one obtains (similarly to (14) and (15))
(44) Note that (41) is slightly different from (13). The first two terms would combine to ٌ 2 ⌽ k j if we had ͳ p , ͳ q instead of ͳ 2p , ͳ 2q , respectively. In this case, the third term would
, j ) then vanish. It may be easier to rewrite (41) as 
where is given by (28). If p and q are even integers, the staggered grid does not require any intermediate values.
In Fig. 1 , we show the location of the grid points used by the unstaggered Turkel-Zwas scheme in each of the equations (for p ϭ q ϭ 3). For the staggered grid (again p ϭ q ϭ 3) intermediate values are required for h in the momentum equation and for u and v in the continuity equation. It is interesting to see the difference between the staggered grid with p ϭ q ϭ 2 and the unstaggered grid with p ϭ q ϭ 1. One may feel that if we have p/2, q/2 instead of p, q respectively, the two above mentioned grids are the same. The truth is that in the momentum equation only h moves closer to the center, and thus the grids are different, see Fig. 2 . In the h equation, both u and v move closer to the center and the staggered grid with p ϭ q ϭ 2 is now the same as the unstaggered grid with p ϭ q ϭ 1, see Fig. 3 . Note that the grid for the h equation is identical to that in Fig. 2 and thus not repeated.
Modal Expansion for the Staggered System
We now rewrite (29)-(31) for the staggered grid (semidiscrete staggered Turkel-Zwas scheme) 
where m is a nonnegative integer; then 
a ϭ 6.370 ϫ 10 6 m where ⍀ ϭ 7.292 ϫ 10 Ϫ5 rad sec .
The l 2 error norms for the height and velocity are computed in the manner Upon substituting (58) in (53) and (54), we get the semidiscrete analogs of (23) and (19), respectively.
COMPARISON OF DISCRETE AND CONTINUOUS MODAL EXPANSIONS
and In this section, we compare the equations used for the modal expansion in the continuous case, i.e., (23) and (19),
, with the corresponding ones for the Turkel-Zwas discretization. These equations for the staggered Turkel-Zwas scheme are (53) and (54), respectively. In the unstaggered where case, we were unable to obtain such a system, since (41) is different in form from (13). This difference led us to the development of the staggered scheme. In these relations the variables h e , u e , and v e are considered is now discretized by ͙1 Ϫ Ȑ 2 ͳ q . The discrete operator iͳ p to be the exact solution. This solution is obtained by a becomes Ϫm in the continuous case. The same analogy centered in space and time algorithm (a leapfrog scheme) holds between (19) and (54).
on a 128 ϫ 64 grid that is time integrated using a time step
NUMERICAL RESULTS
In this section we present the numerical results for the unstaggered and staggered versions of the Turkel-Zwas scheme. The initial conditions are the same as those used by McDonald and Bates [14] , where the height is defined as
and the velocities are obtained geostrophically to yield
The shallow water equations are integrated in time for a period of 24 h on a 64 ϫ 32 grid on a Sparc 10. Table 1 shows the results for various configurations of p and q using different time steps for the unstaggered and staggered versions of the Turkel-Zwas scheme. Recall that p and q refer to the extension of the differencing stencil in the longitudinal () and latitudinal () directions, respectively, and Ͱ is the Padé -type differencing weight. We have experimented with various values of Ͱ, namely Ͱ ϭ 0, , , , , , 1. We have found that Ͱ ϭ is the best choice. The first row in Table 1 represents the leapfrog scheme, which only CFL condition which limits all explicit algorithms. For the remainder of the cases, p is always greater than q because the time restriction is dictated by the distance between of 15 s. The height at the initial (t ϭ 0 h) and final (t ϭ mesh points in the direction. As p increases so too does 24 h) states is shown in Figs. 4 and 5 .
the maximum allowable time step because the CFL restricThe percentage change in total available energy is de-tion is relaxed due to the coarser differencing stencil used fined as for the gravity wave terms. For typical meteorological conditions the inertial gravity wave speeds are larger than the wind velocities while most of the energy is carried by the (p ϭ 2, q ϭ 1) for the unstaggered and (p ϭ 3, q ϭ 2) for The analysis of the spherical coordinates shallow water the staggered and ⌬t ϭ 200, the unstaggered and staggered equations model shows that the T-Z scheme must be stagcases yield comparable error norms. As p and q are ingered to get eigenvalues and eigenfunctions approaching creased beyond these values, the errors increase dramatithose of the continuous case. The importance of such an cally for the unstaggered case; the errors for the staggered analysis is the fact that it is valid for nonconstant coefficase are only half those of the unstaggered case. Note that cients and thereby applicable to any numerical scheme. In for the same time step, the staggered case takes no more addition, numerical experiments are conducted illustrating CPU time than the unstaggered case. In addition, the stagthe benefits of staggering the original scheme. The numerigered case where (p ϭ 4, q ϭ 2) conserves the total availcal experiments show that for given values of p and q the able energy. As p increases, the staggered case no longer staggered case performs better than the unstaggered case. conserves the available energy but it is still more accurate However, the staggered case requires half the time step than the unstaggered case for the same values of p and q.
of the unstaggered case. This means that there is a tradeTherefore for the staggered case the optimal values of p off between efficiency and accuracy; for a given value of and q must lie somewhere in the vicinity of (p ϭ 3, q ϭ p and q, the unstaggered case allows a larger time step 2) and (p ϭ 4, q ϭ 2). By comparing the error norms for than the staggered case thereby requiring less CPU time the unstaggered case for the values (p ϭ 3, q ϭ 1) and at the cost of lower accuracy. These experiments also show (p ϭ 3, q ϭ 2), and (p ϭ 4, q ϭ 1) and (p ϭ 4, q ϭ 2), that the best results for the staggered case are obtained we see that the increase in q from 1 to 2 has adverse effects with the values (p ϭ 3, q ϭ 2) and (p ϭ 4, q ϭ 2). Furtheron the solution accuracy. Therefore it stands to reason that more, the experiments suggest that better results may be for the staggered case a better solution can be achieved obtained by the configurations (p ϭ 3, q ϭ 1) and (p ϭ by the values (p ϭ 3, q ϭ 1) or (p ϭ 4, q ϭ 1). The difficulty 4, q ϭ 1) but interpolation is required in the latitudinal with this case is that now interpolation is required because direction because odd values of p or q result in differencing the staggering for odd values of p and q results in intermepoints that do not lie on grid points (intermediate values) . diate values. Intermediate values in the longitudinal direcInterpolation in the longitudinal direction is straightfortion pose no difficulty and in fact are handled by linear ward and is handled by linear interpolation in this paper, interpolation in this paper. On the other hand, intermediwhile in the latitudinal direction it is no longer trivial beate values in the latitudinal direction cause problems because intermediate values may fall on the poles where the cause interpolation is now required at the poles where the wind velocities are undefined. wind velocities are undefined. This case is not included in Software for both the unstaggered and staggered Turthis paper.
kel-Zwas schemes for the approximation of the shallow For completeness let us review the case ⌬t ϭ 200 once water equations in spherical coordinates is available at again. The staggered case (p ϭ 4, q ϭ 2) yields better URL http://math.nps.navy.mil/ȁbneta. results than the unstaggered case (p ϭ 4, q ϭ 2). However, the unstaggered case allows a time step of 400 s. The staggered case, on the other hand, cannot use so large a time
